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Abstract
In this paper the entanglement of multi-qubit fermionic pseudo Hermitian coher-
ent states (FPHCS) described by anticommutative Grassmann numbers is studied. The
pseudo-Hermitian versions of the well known maximally entangled pure states such as Bell
and GHZ, W and biseparable states are introduced through integrating over the tensor
products of FPHCSs with suitable choice of Grassmannian weight functions. Meanwhile
as an illustration, the method is applied to tensor product of 2 and 3 qubit pseudo Her-
mitian systems. Then the measures of concurrence and average entropy are applied to
quantify the entanglement of the pseudo two and three qubit states respectively. Key-
words: Pseudo Hermitian, Entanglement, Pseudo fermionic coherent states,
Pseudo Bell states, Pseudo GHZ states, Pseudo Werner states
1 Introduction
Quantum information theory has recently increased its theoretical self-consistency intro-
ducing several outstanding results. The most important one has been the achievement
that entanglement phenomena of quantum states [1] have been framed in robust theo-
retical schemes and verified through some experimental tests [2, 3, 4, 5, 6, 7, 8, 9, 10].
In fact entanglement is the most interesting and meanwhile strange feature of quantum
physics. The idea of entanglement starts from the apparent conflict between the superpo-
sition principle and the nonseparability of the related quantum states. It happens when
a state of two or more subsystems of a compound quantum system cannot be factorized
into pure local states of the subsystems too. This is equivalent to say that an entangled
state could be used to steer a distant particle into one of a set of states, with a certain
probability.
Furthermore the recent researches in theoretical physics and quantum optics have
revealed the importance of the coherent states. They can be used to encode quantum
information on continuous variables [11]. While the entanglement of the bosonic su(2)
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and su(1, 1) coherent states, as the non orthogonal states which are playing an important
role in the quantum cryptography and quantum information processing, has been widely
investigated in the references [12, 13, 14, 15, 16, 17, 18, 19], the entanglement proper-
ties of multipartite fermionic coherent states are remained as a challenging problem of
quantum information theory, even from theoretical point of view [20, 21, 22, 23, 24, 25].
The fermionic coherent states are defined as the eigen-states of the annihilation op-
erator with Grassmannian eigenvalues [26, 27, 28, 29]. On the other hand, the last
decade have witnessed a growing interest in non-Hermitian Hamiltonians with real spec-
tra [30, 31, 32, 33, 34, 35, 36, 37]. Considering the results of various numerical stud-
ies, Bender and his collaborators [31, 32] found certain examples of one-dimensional
non-Hermitian Hamiltonians that possessed real spectra. Because these Hamiltonians
were invariant under PT transformations, their spectral properties were linked with their
PT-symmetry. Later Mostafazadeh introduced the notion of pseudo-Hermiticity as an
alternative possible approach for a non- Hermitian operator to admit a real spectrum
[36, 37].
Recently in [23], the entanglement of Grassmannian coherent states for multi-partite
n-Level Hermitian systems have been investigated considering tensor product of one mode
fermionic coherent states ( e.g, |θ1〉|θ2〉), defined as, |θ〉 = |0〉−θ |1〉, which is presented in
terms of standard basis,(|0〉 , |1〉) and anticommuting Grassmann numbers θiθj = −θjθi.
This rule is justified in the context of quantum field theory, where for example the tensor
product of two one-particle states is a two particle state and so on. Then authors found
standard maximal entangled Bell, GHZ and W states by integrating over tensor product
of two, three and multi-mods fermionic coherent states with proper weight functions. The
goal of this paper is extension of the presented method to the pseudo Hermitian systems.
For pseudo Hermitian systems, instead of above standard basis we deal with two set of
basis {|ψ0〉, |ψ1〉} and {|φ0〉, |φ1〉}, which are the eigen-states of H and H† respectively.
Therefore two possible FPHCSs are |θ〉 = |ψ0〉 − θ|ψ1〉 and |θ˜〉 = |φ0〉 − θ|φ1〉.
The paper is divided in two main parts. The first part is devoted to construction
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of the different families of pseudo Hermitian version of well known maximally entangled
pure states such as Bell, GHZ, W and pseudo biseparable states through integrating
over the tensor product of FPHCSs of two and three one qubit pseudo Hermitian system
with suitable choice of Grassmannian weight functions. Then in section 2 we give a brief
introduction about pseudo Hermitian quantum mechanics and in section 3 using the
results of generalized Grassmaniann pseudo Hermitian coherent state [29] we present the
FPHCSs as a special case of generalized Grassmannian pseudo Hermitian coherent states
for 2 level system. In section 4 we construct pseudo Hermitian version of Bell states,
W and GHZ states. In the second part, section 5, we use the measures of concurrence
and average entropy to quantify the entanglement of the pseudo Bell states and GHZ
and Werner states respectively and discuss about the results comparing with Hermitian
maximal entangled pure states. Finally conclusion is given in section 6.
2 Pseudo-Hermitian Hamiltonians and Biorthonor-
mal Eigenbasis
Intensive study of Schrodinger equation with complex potentials, but with real spectrum,
was performed by different methods. The pioneer papers [30, 31, 32, 33, 34, 35, 36, 37],
initiated investigation of PT symmetric systems and afterwards more general class of
pseudo-Hermitian models was introduced by Mostafazadeh [36, 37]. Following the second
approach, let H : H → H be a linear operator acting in a Hilbert space H and η : H֌ H
be a linear Hermitian automorphism (invertible transformation). Then the η-pseudo-
Hermitian adjoint of H is defined by
H♯ = η−1H†η. (2.1)
H is said to be pseudo-Hermitian with respect to η or simply η-pseudo-Hermitian if
H♯ = H. The eigenvalues of pseudo-Hermitian Hamiltonian H are either real or come in
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complex-conjugate pairs and the following relations in nondegenerate case hold:
H† = ηHη−1. (2.2)
For diagonalizable operatorsH with discrete spectrum, there exist a complete biorthonor-
mal eigenbasis {|ψi〉, |φi〉} such that
H|ψi〉 = Ei|ψi〉, H†|φi〉 = E¯i|φi〉,
〈φi|ψj〉 = δij ,
∑
i |ψi〉〈φi| =
∑
i |φi〉〈ψi| = I.
(2.3)
For a given pseudo-Hermitian H there are infinitely many η satisfying Eq.(2.2). These
can however be expressed in terms of a complete biorthonormal basis of H. In non
degenerate case the explicit form of η and it’s inverse satisfying Eq.(2.2) read
η =
∑
i
|φi〉〈φi|, η−1 =
∑
i
|ψi〉〈ψi| (2.4)
|φi〉 = η|ψi〉, |ψi〉 = η−1|φi〉. (2.5)
Through out the paper, pseudo Hamiltonian H and consequently η and η−1 assumed to
be in two dimentional Hilbert space.
3 Fermionic Pseudo-Hermitian Coherent States
3.1 Grassmannian variables
The basic properties of Grassmann variables are discussed in Refs.[38, 39, 40, 41] For
our purpose, here, we survey the properties of this algebra which is generated by the
variables (θ1, θ2, ..., θn) satisfying, by definition, the following properties:
θiθj = −θjθi , i, j = 1, 2, ...n
θ2i = 0.
(3.6)
Analogous rules also apply for the Hermitian conjugate of θ, θ† = θ¯, as:
θ¯iθ¯j = −θ¯j θ¯i , i, j = 1, 2, ...n
θ¯2i = 0.
(3.7)
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Any linear combination of θi with the complex coefficients is called Grassmann number.
In other words, Taylor expansion of a Grassmann function reads
g(θ1, θ2, ...θn) = c0 +
∑
i=1
ciθi +
∑
i,j
ci,jθiθj + ...,
where c0, ci, ci,j , ... are complex numbers. For instance, exp(θ1θ2) = 1+ θ1θ2. Integration
and differentiation over complex Grassmann variables are given by Berezin’s rules as :


∫
dθf(θ) = ∂f(θ)
∂θ
,
∫
dθ = 0,
∫
dθθ = 1,
∫
dθ¯ = 0,
∫
dθ¯θ¯ = 1,
∂
∂θ
θ = 1, ∂
∂θ
1 = 0, ∂
∂θ¯
θ¯ = 1, ∂
∂θ¯
1 = 0,
∂2
∂θ2
= 0, ∂
2
∂θ¯2
= 0.
(3.8)
To compute the integral of any function over the Grassmann algebra the following rela-
tions are required. 

θdθ¯ = −dθ¯θ , θ¯dθ = −dθθ¯
θdθ = −dθθ , θ¯dθ¯ = −dθ¯θ¯
dθdθ¯ = −dθ¯dθ , θθ¯ = −θ¯θ.
(3.9)
3.2 Coherent States
Following [28, 29], One can construct the pseudo fermionic coherent states for two level
pseudo hermitian Hamiltonian. Here we outline the main results . Considering the bi-
orthonormality nature of pseudo-Hermitian systems, we can define two pairs of annihila-
tion and creation operators corresponding to the bi-orthonormal eigen-states (|ψi〉,|φi〉)
respectively as 

b := |ψ0〉〈φ1|+
√
2 |ψ1〉〈φ2|,
b♯ := η−1b†η = |ψ1〉〈φ0|+
√
2|ψ2〉〈φ1|,
(3.10)


b˜ = ηbη−1 = |φ1〉〈ψ0|+
√
2 |φ2〉〈ψ1|,
b˜♯
′
= η′−1b†η = |φ0〉〈ψ1|+
√
2 |φ1〉〈ψ2|, η′−1 = η.
(3.11)
Then it is possible to construct two families of coherent states for two level pseudo
Hermitian Grassmannian system in terms of |ψk〉 and |φk〉. The FPHCSs corresponding
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to |ψk〉, |φk〉 denoted by |θ〉 and |θ˜〉 respectively, by definition are the eigen-states of the
annihilation operators b and b˜ 

b |θ〉 = θ |θ〉,
b˜ |θ˜〉 = θ |θ˜〉,
(3.12)
and up to normalization factors are


|θ〉 = |ψ0〉 − θ|ψ1〉,
|θ˜〉 = |φ0〉 − θ|φ1〉.
(3.13)
The explicit forms of the two families of FPHCS and characteristic of bi-orthonormality
of pseudo-Hermitian systems can be exploited for identification of the possible integrals
of |θ〉 and |θ˜〉, that is |θ〉〈θ˜| and |θ˜〉〈θ|, against the measure of dθ¯ dθ w(θ, θ¯), which lead
to the resolution of identity
∫
dθ¯ dθ w(θ, θ¯) |θ〉〈θ˜| =
∫
dθ¯ dθ w(θ, θ¯) |θ˜〉〈θ| = I, (3.14)
where w(θ, θ¯) = 1+θθ¯. The Eq.(3.14) is called bi-over-completeness relation. To compute
weight function we require the following quantization relations between the biorthonormal
eigen-states |ψk〉, |φk〉, (k = 0, 1) and Grassmannian variables θ, θ¯.


θ |ψk〉 = (−1)k−1 |ψk〉 θ, θ¯ 〈ψk| = (−1)k−1 〈ψk| θ¯,
θ 〈ψk| = (−1)k−1 〈ψk| θ, θ¯ |ψk〉 = (−1)k−1 |ψk〉 θ¯,
θ |φk〉 = (−1)k−1 |φi〉 θ, θ¯ 〈φk| = (−1)k−1 〈φk| θ¯,
θ 〈φk| = (−1)k−1 〈φk| θ, θ¯ |φk〉 = (−1)k−1 |φk〉 θ¯.
(3.15)
The above discussion makes it clear that neither the integral |θ〉〈θ|, nor the integral of
|θ˜〉〈θ˜|, against the measure of dθ¯ dθ w(θ, θ¯) normalized:
∫
dθ¯ dθ w(θ, θ¯) |θ〉〈θ| 6= I,
∫
dθ¯ dθ w(θ, θ¯) |θ˜〉〈θ˜| 6= I. (3.16)
One can show that the fermionic coherent states (3.13) remain coherent for all the times,
provided that the time evolution of the initial states managed by Hamiltonian is also an
eigen state of lowering operators.
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4 Maximal Pseudo Entangled States
Suppose a fermionic system for which the particles can go to the n−mode channels.
To this end, we consider tensor product of n one-mode FPHCSs, each one governed
by pseudo Hermitian Hamiltonians. For simplicity we consider n = 2, 3. The case of
arbitrary n is straightforward. Now we introduce the pseudo-Hermitian version of the
well known maximally entangled pure two and three qubit states, such as Bell ,GHZ and
W states, [42] respectively through integrating over the tensor product of FPHCSs with
suitable choice of Grassmannian weight functions.
4.1 Pseudo Bell-like States
Let us start with un-normalized pseudo Hermitian version of standard Bell states,
|Ψ±〉 = 1√
2
(|01〉 ± |10〉),
|Φ±〉 = 1√
2
(|00〉 ± |11〉)
(4.17)
that is
∣∣B1−〉 = |ψ0〉 |ψ1〉 − |ψ1〉 |ψ0〉 . (4.18)
To achieve the above state we consider the tensor product of two one-mode FPHCSs with
the same Grassmann numbers as
|θ〉 |θ〉 = |ψ0〉 |ψ0〉+ θ (|ψ0〉 |ψ1〉 − |ψ1〉 |ψ0〉) . (4.19)
As mentioned already, such method is enlightened in the context of quantum field theory.
To get the above equation we use the explicit form of, |θ〉, from Eq.(3.13) . For the next
step, our task is to find the proper weight function w(θ) such that the integration over
Grassmann numbers θ, leads to the Eq.(4.18). To this aim let:
∫
dθ w(θ) |θ〉 |θ〉 = ∣∣B1−〉 , (4.20)
putting w(θ) = c0 + c1θ, in the above equation yields c0 = 1 and c1 = 0, then the
appropriate weight function takes the form: w(θ) = 1. Considering the tensor product of
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|θ〉 ˜|θ〉, ˜|θ〉 |θ〉 and ˜|θ〉 ˜|θ〉, ,with w(θ) = 1, it is also possible to construct the other forms
of pseudo Bell states as
∣∣B2−〉 = ∫ dθ |θ〉 ˜|θ〉 = |ψ0〉 |ϕ1〉 − |ψ1〉 |ϕ0〉 , (4.21)
So far, we concerned with tensor product of two one-mode FPHCSs with the same Grass-
mannian numbers, θ, and obtained the pseudo Hermitian versions of |Ψ−〉. In order to
establish the other pseudo Bell states we need to consider the tensor product of FPHCSs
with different Grassmann numbers, i.e.,
|θ1〉 |θ2〉 = |ψ0〉 |ψ0〉+ θ2 |ψ0〉 |ψ1〉 − θ1 |ψ1〉 |ψ0〉+ θ1θ2 |ψ1〉 |ψ1〉 , (4.22)
in this case the general form of the weight function is w(θ1, θ2) = c0+c1θ1+c2θ2+c3θ1θ2.
The task is to find w(θ1, θ2) such that, in addition to above
∣∣Bi−〉, the other 3 families
of pseudo Bell states are achieved. We denote these 3 families by
∣∣B+i 〉 and
∣∣B′±i 〉. The
results summarized in the following table.
4.2 Pseudo GHZ and W States
In the previous subsection using possible tensor product of two one mode FPHCSs we
introduced pseudo Bell states. Let us now proceed to construct pseudo version of the
following GHZ and W states,
∣∣GHZ±〉 = 1√
2
(|000〉 ± |111〉),
|W 〉 = 1√
3
(|100〉 + |010〉 + |001〉),
(4.23)
which are used broadly in quantum information theory. To construct 3 qubit peudo GHZ,
we need to consider the tensor product of 3 one mode FPHCSs, with different Grassmann
numbers, where they can take following 8 forms

|θ1〉 |θ2〉 |θ3〉 , ˜|θ1〉 |θ2〉 |θ3〉 , |θ1〉 ˜|θ2〉 |θ3〉 , |θ1〉 |θ2〉 ˜|θ3〉
˜|θ1〉 ˜|θ2〉 |θ3〉 , ˜|θ1〉|θ2〉 ˜|θ3〉, |θ1〉 ˜|θ2〉 ˜|θ3〉, ˜|θ1〉 ˜|θ2〉 ˜|θ3〉.
, (4.24)
As an illustration we consider the following examples:
∣∣G±1 〉 = ∫ dθ1dθ2dθ3w±(θ1, θ2, θ3)|θ1〉|θ2〉 |θ3〉 = |ψ0〉 |ψ0〉 |ψ0〉 ± |ψ1〉 |ψ1〉 |ψ1〉 , (4.25)
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state FPHCS weight function psedo Bell state
|B1±〉 |θ1〉 |θ2〉 −(θ1 ± θ2) |ψ0〉 |ψ1〉 ± |ψ1〉 |ψ0〉
|B2±〉 |θ1〉 ˜|θ2〉 −(θ1 ± θ2) |ψ0〉 |φ1〉 ± |ψ1〉 |φ0〉
|B3±〉 ˜|θ1〉 |θ2〉 −(θ1 ± θ2) |φ0〉 |ψ1〉 ± |φ1〉 |ψ0〉
|B4±〉 ˜|θ1〉 ˜|θ2〉 −(θ1 ± θ2) |φ0〉 |φ1〉 ± |φ1〉 |φ0〉
|B′1±〉 |θ1〉 |θ2〉 −(θ1θ2 ± 1) |ψ0〉 |ψ0〉 ± |ψ1〉 |ψ1〉
|B′2±〉 |θ1〉 ˜|θ2〉 −(θ1θ2 ± 1) |ψ0〉 |φ0〉 ± |ψ1〉 |φ1〉
|B′3±〉 ˜|θ1〉 |θ2〉 −(θ1θ2 ± 1) |φ0〉 |ψ0〉 ± |φ1〉 |ψ1〉
|B′4±〉 ˜|θ1〉 ˜|θ2〉 −(θ1θ2 ± 1) |φ0〉 |φ0〉 ± |φ1〉 |φ1〉
|B1−〉 |θ〉 |θ〉 1 |ψ0〉 |ψ1〉 − |ψ1〉 |ψ0〉
|B2−〉 |θ〉 ˜|θ〉 1 |ψ0〉 |φ1〉 − |ψ1〉 |φ0〉
|B3−〉 ˜|θ〉 |θ〉 1 |φ0〉 |ψ1〉 − |φ1〉 |ψ0〉
|B4−〉 ˜|θ〉 ˜|θ〉 1 |φ0〉 |φ1〉 − |φ1〉 |φ0〉
Table 1: Unnormalized pseudo Bell states and corresponding weight functions. For example
the pseudo Bell state |φ0〉 |ψ1〉 + |φ1〉 |ψ0〉 can be obtained considering tensor product ˜|θ1〉|θ2〉
with w(θ1, θ2) = (−θ1 − θ2).
where the weight functions are
w±(θ1, θ2, θ3) = θ3θ2θ1 ± 1. (4.26)
One can easily check that the appropriate weight function for each of the
∣∣G±i 〉 , i =
1, ..., 8 is the same and equals to Eq.(4.26). The results for unnormalized pseudo GHZ
states summarized in the the following table To construct the pseudo W states, one
can use either the tensor product of FPHCSs with 3 different or the same Grassmann
numbers. In the following we introduce one example for each categories, denoted by
W and W ′ respectively. For tensor product of the FPHCSs with different Grassmann
Entanglement of Fermionic... 11
state FPHCS weight function pseudo GHZ state
|G1±〉 |θ1〉 |θ2〉 |θ3〉 θ3θ2θ1 ± 1 |ψ0〉 |ψ0〉 |ψ0〉 ± |ψ1〉 |ψ1〉 |ψ1〉
|G2±〉 ˜|θ1〉 |θ2〉 |θ3〉 θ3θ2θ1 ± 1 |ϕ0〉 |ψ0〉 |ψ0〉 ± |ϕ1〉 |ψ1〉 |ψ1〉
|G3±〉 |θ1〉 ˜|θ2〉 |θ3〉 θ3θ2θ1 ± 1 |ψ0〉 |ϕ0〉 |ψ0〉 ± |ψ1〉 |ϕ1〉 |ψ1〉
|G4±〉 |θ1〉 |θ2〉 ˜|θ3〉 θ3θ2θ1 ± 1 |ψ0〉 |ψ0〉 |ϕ0〉 ± |ψ1〉 |ψ1〉 |ϕ1〉
|G5±〉 ˜|θ1〉 ˜|θ2〉 |θ3〉 θ3θ2θ1 ± 1 |ϕ0〉 |ϕ0〉 |ψ0〉 ± |ϕ1〉 |ϕ1〉 |ψ1〉
|G6±〉 ˜|θ1〉 |θ2〉 ˜|θ3〉 θ3θ2θ1 ± 1 |ϕ0〉 |ψ0〉 |ϕ0〉 ± |ϕ1〉 |ψ1〉 |ϕ1〉
|G7±〉 |θ1〉 ˜|θ2〉 ˜|θ3〉 θ3θ2θ1 ± 1 |ψ0〉 |ϕ0〉 |ϕ0〉 ± |ψ0〉 |ϕ1〉 |ϕ0〉
|G8±〉 ˜|θ1〉 ˜|θ2〉 ˜|θ3〉 θ3θ2θ1 ± 1 |ϕ0〉 |ϕ0〉 |ϕ0〉 ± |ϕ1〉 |ϕ1〉 |ϕ1〉
Table 2: Unnormalized pseudo GHZ states and corresponding weight functions .
numbers we have
|W1〉 =
∫
dθ1dθ2dθ3 w1(θ1, θ2, θ3) |θ1〉 |θ2〉|θ3〉
= |ψ0〉 |ψ0〉 |ψ1〉+ |ψ0〉 |ψ1〉 |ψ0〉+ |ψ1〉 |ψ0〉 |ψ0〉
(4.27)
where
w(θ1, θ2, θ3) = θ1θ2 + θ1θ3 + θ2θ3. (4.28)
Similarly for the same Grassmann numbers we get
|W ′1〉 =
∫
dθ w(θ)|θ〉|θ〉|θ〉
= − |ψ0〉 |ψ0〉 |ψ1〉+ |ψ0〉 |ψ1〉 |ψ0〉 − |ψ1〉 |ψ0〉 |ψ0〉 ,
(4.29)
where the proper weight function is:
w′(θ) = 1. (4.30)
As it clears in table III, for a given tensor product of three different one mode FPHCSs,
e.g, |θ1〉 |θ2〉 |θ3〉 depending on the selection of weight function, there are eight pseudo
W states. We emphasized that, although we construct the category W ′ in terms of
FPHCSs with the same Grassmann numbers, one may also tempt to obtain the same
result with the different Grassmann numbers which in turns yield the weight function
w = −θ1θ2 + θ1θ3 − θ2θ3.
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4.3 Pseudo Biseparable States
Here we use FPHCSs to construct pseudo biseparabile states. Depending on how one
considers bi-partition for a given state, there exists an entanglement in their subsystems
partially. For example if a pure state |ABC〉 involves the three subsystems A,B and
C, the partition A may be separable while B,C are entangled. For illustration, let us
consider the following examples


∫
dθ1dθ2dθ3(θ1θ2 ± θ1θ3) |θ1〉 |θ2〉 |θ3〉 = |ψ0〉(1) ⊗
∣∣B1±〉(2,3),∫
dθ1dθ2dθ3(θ3θ2θ1 ∓ θ1) |θ1〉 |θ2〉 |θ3〉 = |ψ0〉(1) ⊗
∣∣∣B′1±
〉
(2,3)
,
∫
dθ1dθ2dθ3(θ1θ2 ∓ θ3θ2) |θ1〉 |θ2〉 |θ3〉 = |ψ0〉(2) ⊗
∣∣B1±〉(1,3),
(4.31)
where the first two examples show that the partition (2, 3) is pseudo Bell state and is
separable with respect to partition 1. The same statement holds for partitions (1, 3) and 2
in the last example. The above examples make it clear that, we could find different pseudo
biseparable states just by considering the integration over tensor product |θ1〉 |θ2〉 |θ3〉
using different weight functions. However one should note that the family W ′ does not
lead to any pseudo biseparable states.
5 Entanglement of Multipartite pseudo Hermi-
tian states
So far, what we have achieved is the constructing of the pseudo Hermitian version of
Bell, GHZ and W states. In what follows, we will study the entanglement of pseudo Bell
using the measure of concurrence and pseudo GHZ and W states by means of average
entropy. To this end let us consider, the following two level PT symmetric [43] or pseudo
Hermitian Hamiltonians
Hi =

 rie
iβi si
ti rie
−iβi

 , i = 1, 2, 3 (5.32)
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where index i stands for ith system. We assume that the systems, reside in four and eight
dimensional Hilbert space, are governed by H1⊗H2 and H1⊗H2⊗H3 respectively. The
bi-orthonormal eigen-sates of Hi, and H
†
i are


|ψ0〉(i) = 1√2 cosαi ( e
iαi
2 , e−
iαi
2 )T
|ψ1〉(i) = 1√2 cosαi ( e
−iαi
2 ,−e iαi2 )T
,


|ϕ0〉(i) = 1√2 cosαi ( e
−iαi
2 , e
iαi
2 )T
|ϕ1〉(i) = 1√2 cosαi ( e
iαi
2 , −e− iαi2 )T
,
(5.33)
where sinαi =
ri√
siti
sin βi, and T denotes the transpose. In the next subsection we first
consider the pseudo Bell states.
5.1 Entanglement of pseudo Bell states
It is well known that the entanglement of a two-qubit state |ψ〉 can be expressed as a
function of concurrence [44, 45]
C(|ψ〉) ≡ |〈ψ|σy ⊗ σy|ψ∗〉| (5.34)
where σy is the y component of the Pauli matrices and |ψ∗〉 is the complex conjugate
of |ψ〉. Since concurrence itself can also be considered as a measure of entanglement
[45], in the following we use it to quantify the entanglement of pseudo Bell states. After
normalizing all pseudo Bell states mentioned in table I and recalling the explicit forms of
(|ψk〉(i) and |ϕk〉(i) , k = 0, 1), from Eq.(5.33), the corresponding concurrences take the
following forms 

C(∣∣B−1 〉) = C(∣∣B−4 〉) = | cosα1 cosα21−sinα1 sinα2 |,
C(∣∣B−2 〉) = C(∣∣B−3 〉) = | cosα1 cosα21+sinα1 sinα2 |,
(5.35)
where we focused on the third part of table I. Similar discussion can be made for other
pseudo Bell states. So the concurrence of
∣∣∣B−j
〉
s is a periodic function with respect to the
parameters α1 and α2 with the period T = pi, that is C(α1, α2) = C(α1 +mpi,α2 +mpi),
where m belongs to integer numbers. The above equations show that for both cases
Cmax = 1 and Cmin = 0 appear in α1 = α2 = mpi and α1 = α1 = (2m+ 1)π2 respectively.
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For the special case α1 = α2 = α Eq.(5.35) reads

C(∣∣B−1 〉) = C(∣∣B−4 〉) = 1,
C(∣∣B−2 〉) = C(∣∣B−3 〉) = cos2(α)1+sin2(α) .
(5.36)
It should be no surprise that we obtain C = 1 for ∣∣B−1 〉 and ∣∣B−4 〉 , independent of
parameter α, since for α1 = α2 = α these states reduce to standard Bell state |Ψ−〉 up
to the total phase e−iπ,


|B1〉− = |ψ0〉|ψ1〉−|ψ1〉|ψ0〉‖|B−1 〉‖ = −
1√
2
(|01〉 − |10〉),
|B4〉− = |ϕ0〉|ϕ1〉−|ϕ1〉|ϕ0〉‖|B−4 〉‖ = −
1√
2
(|01〉 − |10〉).
(5.37)
In contrast, the concurrence of
∣∣B−2 〉 and ∣∣B−3 〉 varying as a function of α is depicted in
Fig.1.
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Figure 1: Concurrence of
∣∣B−2 〉 and ∣∣B−3 〉 as function of the parameter α.
Simple calculation reveals that for α1 = α2 = α the following pseudo Bell states
reduce to standard Bell states.
∣∣∣B′2−
〉
=
∣∣∣B′3−
〉
= |Ψ+〉 ,∣∣∣B′1+
〉
=
∣∣∣B′4+
〉
= |Φ+〉 ,
∣∣B2+〉 = ∣∣B3+〉 = |Φ−〉 .
(5.38)
We consider more special cases which is interesting in dipole interaction decay as follows.
Case a : if st = r2 sin2 β then C(
∣∣B−2 〉) = C(
∣∣B−3 〉) = 0
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Case b : if r = δ2 , β = −π2 , t = s, then the Hamiltonian 32 reduce to
H1,2 =
1
2

 −iδ 2s
2s iδ

 . (5.39)
This Hamiltonian arises in interacting two level atom with an electromagnetic field where
the real constants δ is the decay rate for the upper and lower levels and the quantity s
characterizes the radiation-atom interaction matrix element between the levels described
in interaction picture with rotating wave approximation [28, 48, 49]. In this case the
concurrence in terms of s and δ is C(∣∣B−2 〉) = C(∣∣B−3 〉) = |4s2−δ24s2+δ2 |. Since sinα = − δ2s ,
then 4s2 − δ2 ≥ 0 which guarantees the nonnegativity of concurrence. Fig. 2 shows
concurrence of
∣∣B−2 〉 and ∣∣B−3 〉 for the intervals: 1 ≤ s ≤ 2 and −2 ≤ δ ≤ 2.
-2
-1
0
1
2
∆
1.0
1.5
2.0
s
0.0
0.5
1.0
C
Figure 2: Concurrence of
∣∣B−2 〉 and ∣∣B−3 〉 in terms of the parameters δ and s, as it seen for
the points (δ = 0, s) concurrence of these states are equal to one and they are maximally
entangled.
5.2 Entanglement of pseudo GHZ and W states
In the previous subsection we studied the entanglement of pseudo Bell states using the
measure of concurrence. For the next step we are interested to quantify the entanglement
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of pseudo GHZ and W states. The well behavior measure that we shall consider is the
average entropy 〈SL〉,
〈SL〉 =

 N
n


−1∑
An
S
(An;BN−n)
L , (5.40)
which is define via linear entropy SL[47], as
S
(An;BN−n)
L =
d
d− 1(1− TrAn [ρAn ]
2), ρAn = TrBN−n [ρ], (5.41)
where, d = min{2n, 2N−n}, is the dimension of the reduced density matrix ρAn . It should
be recall that although the linear entropy and von Neumann entropy [46] are similar
measures of the mixedness of a state, the linear entropy is easier to calculate because
it does not require the diagonalization of the density matrix. The linear entropy can
range between zero, corresponding to a completely pure state, and, 1 corresponding to a
completely mixed state . Based on the measure of average entropy, as examples, we shall
investigated the entanglement of the normalized
∣∣G+1 〉,
∣∣∣W7(+,+,+)
〉
and
∣∣∣W6(−,+,−)
〉
(for
simplicity denoted by W7 and W6 respectively) as
∣∣G+1 〉 = {|ϕ0〉|ϕ0〉|ϕ0〉±|ϕ1〉|ϕ1〉|ϕ1〉}‖|G+1 〉‖
|W7〉 = |ψ0〉|ϕ0〉|ϕ1〉+|ψ0〉|ϕ1〉|ϕ0〉+|ψ1〉|ϕ0〉|ϕ0〉‖|W7〉‖
|W6〉 = −|ϕ0〉|ψ0〉|ϕ1〉+|ϕ0〉|ψ1〉|ϕ0〉−|ϕ1〉|ψ0〉|ϕ0〉‖|W6〉‖
(5.42)
Regarding the definition of the Eq.(5.40) the average entropy of the normalized
∣∣G+1 〉 is
given as:
〈SL〉
(G+
1
)
=
1
6
(
5 + cos 2α2 − 2 sin2 α1(1 + cos2 α3 sin2 α2) + (cos 2α1 cos 2α2 − 3) sin2 α3
)
(5.43)
Straightforward calculations reveal that, the average entropy of all of the pseudo GHZ
states are the same and equal to Eq.(5.43). As before, let us consider the quantum states
with α1 = α2 = α3 = α, which yields
〈SL〉
(G+
1
)
=
1
2
cos4 α(3− cos 2α). (5.44)
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Fig. 3 shows the average entropy of the
∣∣G+1 〉, in terms of the parameter α. The maximum
and minimum value of average entropy for pseudo GHZ states occur at the points α = kpi
and α = (2k + 1)π2 respectively.
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Figure 3: The average entropy of all pseudo GHZ states, verses parameter α.
As another example, we shall consider the normalized |W7〉, where its average entropy
for the cases of different and identical αi respectively are
〈SL〉
(W7)
= (5.45)
2(cos 2α1 + cos 2α2 + 2) cos 2α3 + cos 2(α1 − α2) + cos 2(α1 + α2) + 4 cos 2α1 + 4cos 2α2 + 6
3(2 sinα2 sinα3 − 2 sinα1(sinα2 + sinα3) + 3)2
〈SL〉
(W7)
=
8cos4 α
(cos 2α+ 2)2
. (5.46)
Fig. 4 shows that the average entropy of |W7〉, for identical case is bounded bye the
following values
0 ≤ 〈SL(α)〉
(W7)
≤ 8
9
,
where the upper and lower bounds appear at α = kpi and αk = (2k + 1)
π
2 respectively.
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Figure 4: The average entropy of |W7〉, as a function of α. The lower bound 0 and upper
bound 8
9
correspond to separable and maximal entangled pseudo |W7〉 states respectively.
Finally as the last example let us study the average entropy of the normalized |W6〉.
To this end, considering the Eq.(5.40) we deduce the following expression for 〈SL〉
(W6)
〈SL〉
(W6)
= (5.47)
2(cos 2α1 + cos 2α2 + 2) cos 2α3 + cos 2(α1 − α2) + cos 2(α1 + α2) + 4 cos 2α1 + 4cos 2α2 + 6
3(2 sinα2 sinα3 + 2 sinα1(sinα2 + sinα3) + 3)2
It is easy to check that for the case of α1 = α2 = α3 = α the above equation reduce to
〈SL〉
(W6)
=
8cos4 α
9(cos 2α − 2)2 . (5.48)
Fig. 5, shows the 〈SL〉
(W6)
in terms of the parameter α and like the previous cases, the
maximum value of the average entropy of the |W6〉 is exactly the same as that of the
entangled states described in standard Hermitian Hamiltonian. The method presented
can also be extend to mulitipartide n level systems.
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Figure 5: Average entropy of |W6〉 as a function of α.
6 Conclusion
In conclusion we have constructed the pseudo-Hermitian version of the well known maxi-
mally entangled pure states such as Bell GHZ, W, and biseparable states, by integrating
over tensor product of one-mode FPHCSs and using suitable Grassmannian weight func-
tion. Meanwhile to clarify the issue, we explicitly consider the bi-orthonormal eigen-states
of pseudo Hermitian Hamiltonian which appears in interacting two level atom with an
electromagnetic field. In order to quantify the entanglement of aforementioned pseudo
states, we used concurrence measure and average linear entropy for two qubit (pseudo Bell
states) and 3 qubit (pseudo GHZ and W) respectively. It is found that for α1 = α2 = α
pseudo Bell states
∣∣B1−〉 and ∣∣B4−〉 up to the total phase e−iπ, are the same as standard
Bell state |Ψ−〉. Similarly
∣∣∣B′2−
〉
and
∣∣∣B′3−
〉
are the same as |Ψ−〉 and
∣∣∣B′1+
〉
and
∣∣∣B′4+
〉
are equal to |Φ+〉 and ∣∣B2+〉 and ∣∣B3+〉 reduce to |Φ−〉.
Entanglement of Fermionic... 20
References
[1] M.A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information
(Cambridge University Press, Cambridge, 2000).
[2] O. Guhne and G. Toth, Phys. Rep.474, 1, (2009).
[3] S.J. van Enk, N. Lutkenhaus, and H.J. Kimble, Phys. Rev. A 75, 052318 (2007).
[4] H. Carteret, ArXiv: gu-ph/0309212v6, (2006).
[5] P. Horodecki, Phys. Rev. Lett. 90, 167901, (2003).
[6] P. Horodecki and A. Ekert, Phys. Rev. Lett. 89, 127902, (2002).
[7] S.P. Walborn1, P.H. Souto Ribeiro, L. Davidovich1, F. Mintert and A. Buchleitner,
Nature 440, 1022, (2006).
[8] C. Schmid, N. Kiesel, W. Wieczorek, and H. Weinfurter, Phys. Rev. lett. 101,
260505, (2008).
[9] G. Vidal, J. Mod. Opt. 47, 355, (2000).
[10] J.S. Bell, Speakable and Unspeakable in Quantum Mechanics, (Cambridge University
Press, Cambridge, 1987).
[11] S. Lloyd and S.L. Braunstein, Phys. Rev. Lett. 82, 1784, (1999).
[12] S.J. van Enk, Phys. Rev. A 72, 022308 (2005).
[13] S.J. van Enk, O. Hirota, Phys. Rev. A 64, 022313 (2001).
[14] K. Fujii, arXiv:quant-ph/0112090 v2 29 Jan (2002).
[15] H. Fu, X. Wang, and A.I. Solomon, Physics Letters A 291, 73 (2001).
[16] X. Wang, B.C. Sanders, Phys. Rev. A 65, 012303 (2002).
[17] X. Wang, J.Phys. A: Math. Gen. 35(1), 1653 (2002).
[18] X. Wang, B.C. Sanders and S.H. Pan, J. Phys. A 33 7451 (2000).
[19] X. Wang, Phys. Rev. A 64, 022303 (2001).
Entanglement of Fermionic... 21
[20] L. Borsten, D. Dahanayake, M.J. Duff and W. Rubens, Phys. Rev. D 81, 105023
(2010).
[21] F.C. Khanna, J.M.C. Malbouisson, A.E. Santana, E.S. Santos, Phys. Rev. A 76,
022109 (2007).
[22] L. Castellani, P. Antonio. Grassi, L. Sommovigo, arXiv:quant-ph/1001.3753v1
(2010).
[23] G. Najarbashi , Y. Maleki, SIGMA 7, 011 (2011).
[24] G. Najarbashi, Y. Maleki, arXiv:quant-ph/1004.3703 (2010).
[25] G. Najarbashi , Y. Maleki, Int J Theor Phys 50, 2601 (2011).
[26] S. Majid, J. Math. Phys 35 3753 (1994).
[27] D.C. Cabra, E.F. Moreno and A. Tanasa, SIGMA 2, 087 (2006).
[28] O. Cherbal, M. Drir, M. Maamache, D.A. Trifonov J. Phys. A 40, 1835 (2007).
[29] G. Najarbashi, M.A. Fasihi and H. Fakhri, J. Phys. A: Math. Theor. 43, 325301
(2010).
[30] F.G. Scholtz, H.B. Geyer and F.J.W. Hahne, Ann. Phys. (NY) 213, 74 (1992).
[31] C.M. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243 (1998).
[32] C.M. Bender, S. Boettcher and P.N. Meisenger, J. Math. Phys. 40, 2201 (1999).
[33] C.M. Bender, and G.V. Dunne, J. Math. Phys. 40, 4616 (1999).
[34] F. Cannata, G. Junker and J. Trost, Phys. Lett. A 246, 219 (1998).
[35] M. Znojil, F. Cannata, B. Bagchi, and R. Roychoudhury, Phys. Lett. B 483, 284
(2000).
[36] A. Mostafazadeh, J. Math. Phys. 43, 205 (2002).
[37] A. Mostafazadeh, J. Math. Phys. 43, 2814 (2002).
[38] S. Abe, Phys. Rev. D 39, 2327 (1989).
Entanglement of Fermionic... 22
[39] J. Ohnuki, T. Kashiwa, Prog. Theo. Phys. 60, 548 (1978).
[40] F.A. Berezin, The Method of Second Quantization ( Academic, New York,1966).
[41] K.E. Cahill, R.J. Glauber, Phys. Rev. A 59, 1538 (1999).
[42] A. Acin, D. Bruss, M. Lewenstein, A. Sanpera, Phys. Rev. Lett. 87, 040401 (2001).
[43] C. M. Bender, D. C. Brody and H. F. Jones, Phys. Rev. Lett. 89, 270401 (2002).
[44] S. Hill and W.K. Wootters, Phys. Rev. Lett. 78, 5022 (1997).
[45] W.K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
[46] M.B. Plenio and V. Vedral, Contemp Phys. Volume. E, No. 6 39, 431 (2001).
[47] A.K. Rajagopal and R.W. Rendell, Europhysics news 36/6, 221 (2005).
[48] W.E. Lamb, R.R. Schlicher and M.O. Scully, Phys. Rev. A 36, 2763 (1987).
[49] J. Garrison, E. Wright, Phys. Lett. A 128, 177 (1988).
Entanglement of Fermionic... 23
state FPHCS weight function pseudo W state
|W1(i)〉 |θ1〉 |θ2〉 |θ3〉 ±θ1θ2 ± θ1θ3 ± θ2θ3 ± |ψ0〉 |ψ0〉 |ψ1〉 ± |ψ0〉 |ψ1〉 |ψ0〉 ± |ψ1〉 |ψ0〉 |ψ0〉
|W2(i)〉 ˜|θ1〉 |θ2〉 |θ3〉 ±θ1θ2 ± θ1θ3 ± θ2θ3 ± |ϕ0〉 |ψ0〉 |ψ1〉 ± |ϕ0〉 |ψ1〉 |ψ0〉 ± |ϕ1〉 |ψ0〉 |ψ0〉
|W3(i)〉 |θ1〉 ˜|θ2〉 |θ3〉 ±θ1θ2 ± θ1θ3 ± θ2θ3 ± |ψ0〉 |ϕ0〉 |ψ1〉 ± |ψ0〉 |ϕ1〉 |ψ0〉 ± |ψ1〉 |ϕ0〉 |ψ0〉
|W4(i)〉 |θ1〉 |θ2〉 ˜|θ3〉 ±θ1θ2 ± θ1θ3 ± θ2θ3 ± |ψ0〉 |ψ0〉 |ϕ1〉 ± |ψ0〉 |ψ1〉 |ϕ0〉 ± |ψ1〉 |ψ0〉 |ϕ0〉
|W5(i)〉 ˜|θ1〉 ˜|θ2〉 |θ3〉 ±θ1θ2 ± θ1θ3 ± θ2θ3 ± |ϕ0〉 |ϕ0〉 |ψ1〉 ± |ϕ0〉 |ϕ1〉 |ψ0〉 ± |ϕ1〉 |ϕ0〉 |ψ0〉
|W6(i)〉 ˜|θ1〉 |θ2〉 ˜|θ3〉 ±θ1θ2 ± θ1θ3 ± θ2θ3 ± |ϕ0〉 |ψ0〉 |ϕ1〉 ± |ϕ0〉 |ψ1〉 |ϕ0〉 ± |ϕ1〉 |ψ0〉 |ϕ0〉
|W7(i)〉 |θ1〉 ˜|θ2〉 ˜|θ3〉 ±θ1θ2 ± θ1θ3 ± θ2θ3 ± |ψ0〉 |ϕ0〉 |ϕ1〉 ± |ψ0〉 |ϕ1〉 |ϕ0〉 ± |ψ1〉 |ϕ0〉 |ϕ0〉
|W8(i)〉 ˜|θ1〉 ˜|θ2〉 ˜|θ3〉 ±θ1θ2 ± θ1θ3 ± θ2θ3 ± |ϕ0〉 |ϕ0〉 |ϕ1〉 ± |ϕ0〉 |ϕ1〉 |ϕ0〉 ± |ϕ1〉 |ϕ0〉 |ϕ0〉
|W ′1〉 |θ〉 |θ〉 |θ〉 1 − |ψ0〉 |ψ0〉 |ψ1〉+ |ψ0〉 |ψ1〉 |ψ0〉 − |ψ1〉 |ψ0〉 |ψ0〉
|W ′2〉 ˜|θ〉 |θ〉 |θ〉 1 − |ϕ0〉 |ψ0〉 |ψ1〉+ |ϕ0〉 |ψ1〉 |ψ0〉 − |ϕ1〉 |ψ0〉 |ψ0〉
|W ′3〉 |θ〉 ˜|θ〉 |θ〉 1 − |ψ0〉 |ϕ0〉 |ψ1〉+ |ψ0〉 |ϕ1〉 |ψ0〉 − |ψ1〉 |ϕ0〉 |ψ0〉
|W ′4〉 |θ〉 |θ〉 ˜|θ〉 1 − |ψ0〉 |ψ0〉 |ϕ1〉+ |ψ0〉 |ψ1〉 |ϕ0〉 − |ψ1〉 |ψ0〉 |ϕ0〉
|W ′5〉 ˜|θ〉 ˜|θ〉 |θ〉 1 − |ϕ0〉 |ϕ0〉 |ψ1〉+ |ϕ0〉 |ϕ1〉 |ψ0〉 − |ϕ1〉 |ϕ0〉 |ψ0〉
|W ′6〉 ˜|θ〉 |θ〉 ˜|θ〉 1 − |ϕ0〉 |ψ0〉 |ϕ1〉+ |ϕ0〉 |ψ1〉 |ϕ0〉 − |ϕ1〉 |ψ0〉 |ϕ0〉
|W ′7〉 |θ〉 ˜|θ〉 ˜|θ〉 1 − |ψ0〉 |ϕ0〉 |ϕ1〉+ |ψ0〉 |ϕ1〉 |ϕ0〉 − |ψ1〉 |ϕ0〉 |ϕ0〉
|W ′8〉 ˜|θ〉 ˜|θ〉 ˜|θ〉 1 − |ϕ0〉 |ϕ0〉 |ϕ1〉+ |ϕ0〉 |ϕ1〉 |ϕ0〉 − |ϕ1〉 |ϕ0〉 |ϕ0〉
Table 3: Unnormalized pseudo W states and corresponding weight functions. The upper
index (i) refers to set of symbols {(+,+,+), (+,+,-),...(-,-,-)}, addressing to the set of weight
functions {θ1θ2 + θ1θ3 + θ2θ3, θ1θ2 + θ1θ3 − θ2θ3, − θ1θ2 − θ1θ3 − θ2θ3 } respectively.
